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Abstract. We study the characteristic map of oriented cohomology of com- 
plete spin-flags and the ideal of invariants of formal group algebras. We show 
that, if the formal group law determined by the oriented cohomology is even, 
then at degree 2 and 3, the 7-filtration of complete spin-flags is torsion free. 
For arbitrary oriented cohomology and for degree at least 2, we provide an 
annihilator of the torsion part of the 7-filtration. 

1. Introduction 

Oriented cohomology theories [7] of algebraic varieties over base field k are co- 
homology theories generalized from the Chow group CH and the Grothendieck 
group Kq. They behave similarly to the cohomology theories of compact ori- 
ented manifolds in algebraic topology. For example, each oriented cohomology 
theory h. determines an one-dimensional formal group law F over the coefficient 
ring R = h(Spec k). 

Given a split simple simply connected linear algebraic group G with the vari- 
ety of complete flags X, let W be its Weyl group and A be the weight lattice. 
In [3], Calmes-Petrov-Zainoulline construct a formal group algebra iJ[[A]]j? and a 
characteristic map cp ■ R[[A]]p — y h(X). These constructions generalize those of 
Demazure in [4] on the Chow group and the Grothendieck group. They provide 
combinatorial tools to study oriented cohomology of homogeneous varieties. For 
instance, the 7-filtration [8] of h is defined using the characteristic map. The goal 
of this paper is to study the torsion part of the associated quotient y( d 'h(X) using 
these tools. 

Shown in [3], the ideal Z|T of i?[[A]]i? generated by nonconstant invariants is 
contained in ker cp , and they coincide when the torsion index of G is invertible in 
R. This ideal l|T itself has classical meanings. For example, for the additive formal 
group law F a , the ideal XjT is generated by the basic polynomials invariants [BJ. 
For the multiplicative formal group law F mi a theorem of Chevalley says that Ip 
is generated by the fundamental representations of G. 

In this paper, we study the generators of XjT and the index of the embedding of 
Ip in kercF- Together with this, we use the deformation map [8] between formal 
group algebras to define a map between 7-filtration of oriented cohomologies. We 
prove the following main result: 

1 .1 Theorem. Let G be of type B n with n > 3 or of type D n with n > 4, and 
let X be its variety of complete flags. Let h be an oriented cohomology theory with 
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coefficients in Z satisfying the assumption in [3j 13.2]. Let F be the corresponding 
formal group law. 

(1) If F is even and d = 2 or 3. Then ^h(X) = CH(X). In particular, 
y( d 'h(X) is torsion free. 

(2) If d > 4, then the torsion part of 'y( d 'h(X) is annihilated by CdVd- If F is 
even, this integer can be replaced by rfy. 

For the definition of the integers (d and r/d , see 14.51 The term that F is even is 
defined in Definition 14.11 

For d = 1, following the argument in [SJ Corollary 8.8], it is easy to see that 
j^'h^X) = CH(X), so it is always torsion free. So it is only interesting when 
d > 2. Note also that the annihilator we obtain depends only on the filtration degree 
d but not on the rank of G. This generalizes [2J Theorem 6.1] (for Chow groups 
with G of type B n or D n ) and Corollary 8.8] (for general oriented cohomology 
with G of type A n or C n , or of type B n or D n when | G -R). 

This paper is organized as follows: In Section 2 we recall the definition of the 
formal group algebra i?[[A]]j? and of the filtration 7 d h(X) C h(X). In Section 3 
we recall the deformation map between two formal group laws and the definition 
of certain invariant elements 9^ of Ip. In Section 4 we study the relationship 
between Qd and the formal group law F. In Section 5 we provide an upper bound 
of the index of the embedding Ip in kerc_F. In Section 6 we use the deformation 
map and the results in Section 4 and 5 to compare the 7-filtrations of different 
oriented cohomologies, and prove Theorem ll.il 

Terminology and Notations. 

• R: a torsion free unique factorization domain, 

• G: a split simple simply connected linear algebraic group of classical Dynkin 
type B n with n > 3 or type D n with n > 4, 

• X: the variety of complete flags of G, 

• W: the Weyl group of G, 

• A: the group of characters of a maximal torus of G. 

Then A corresponds to the weight lattice of the root system of G with a basis the 
set of fundamental weights {u>i, ...,uj n }. 

2. The formal group algebra and the 7-filtration 

In this section we recall the definition of the formal group algebra [3] and of the 
7-filtration [8]. 

Recall that an one dimensional commutative formal group law F over R is a 
power series 

F(x, y) = x + y+ ^ ayzV 
i,i>l 

with a,ij G R satisfying the following conditions: 

F(x,F(y,z)) = F(F(x,y),z), F(x,y) = F(y,x), F(x,0) = x. 

2.1 Example. The addivitive formal group law F a is defined by the polyno- 
mial F a {x,y) = x + y. The multiplicative formal group law F m is defined by the 
polynomial F m (x,y) = x + y - xy. 
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2.2 Definition. Let F be a formal group law over R. Consider the polynomial 
ring i2[xA.] in variables x\ with A 6 A. Let 

e : R[x\] ->■ R, x\ i-> 

be the augmentation map, and let i?[[xA]] be the (kere)-adic completion of i?[xA]- 
Let Jf be the closure of the ideal of i?[[xA]] generated by xo and elements of the 
form x\ 1 +\ 2 — F(xx 1 ,x\ 2 ) for all Ai,A2 G A. Here xq £ R[x\] is the element 
determined by the zero element of A. The formal group algebra R[[A]] F is defined 
to be the quotient 

R[[A]] F = R[[x a ]]/Jf- 
The augmentation map induces a ring homomorphism e : i?[[A]]f — > R with kernel 
If- Then we have a filtration of i?[[A]]i?: 

i?[[A]] F =1° DZ> DZ| D ... 

and the associated graded ring 



ex : subquotient 



i=0 



2.3 Example. By [3J Lemma 4.2], Gr R (A,F) is isomorphic to S R (A), the sym- 
metric algebra. The isomorphism maps Y[ x \i to Yl ^« ■ 

The Weyl group W acts on i?[[A]] F . Let Xjf be the ideal of i?[[A]] F generated 
by the subset i?[[A]]^ n X F . For d > 0, let 



mm) 

(If 



r(rf) _ 
'F — 
W\(d) = 



n-d frd+l 
- L F/- L F ' 

(R[[A}]Jni d F )/(R[[A}]Jni F +1 ), 
(if nl^/ilp 7 ni F +1 ). 



Then 1^ is freely generated by x 



mi 



with ^2 im = d. 



2.4 An algebraic oriented cohomology theory h with coefficients in R is a con- 
travariant functor from the category of smooth projective varieties over a field k to 
the category of commutative unital rings such that h(Spec k) = R and characterized 
by the properties in §1.1]. Roughly speaking, it has push-forward for projec- 
tive morphisms and satisfies projective bundle property and extended homotopy 
property. 

All the oriented cohomology theories we consider in this paper satisfy the as- 
sumption in [3J 13.2]. This assumption says that, for any variety of complete flags 
X, there exists a i?-basis of h(A) indexed by the Weyl group W . This assumption 
is satisfied by the Chow group CH, the Grothendieck group Kq and the algebraic 
cobordism Q (when char k = 0). 

Each oriented cohomology theory determines characteristic classes, that is, it 
determines a collection of maps 

c\ : K (X) -> h(X), i > 1 

characterized by properties Definition 1.1.2] similar as that of characteristic 
classes of singular cohomology. In particular, for any two line bundles L\ and £2 
over X one has 

c\(£ 1 ®£ 2 )=F{£ 1 ,£ 2 ) eh{X) 
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remark : char 



for some formal group law F over R. This gives a map from the set of oriented 
cohomology theories to the set of one dimensional commutative formal group laws. 
For example, F a corresponds to the Chow group CH and F m corresponds to the 
Grothendieck group Kq. 

2.5 Definition. 8, p.9] The 7-filtration of h(X) is defined as follows: j d h(X) 
is defined to be the i?-submodule of h(X) generated by c\(Ci) ■ ... ■ c\(C m ) with 
to > d and d, C m line bundles over X. Define ^h(X) = j d h(X)/j d+1 h(X). 

Suppose F is the formal group law corresponding to h. There is a ring homomor- 
phism (cf. [3 §6]) cf : i?[[A]]_p — > h(X) defined such that cf{x\) = c\(C(X)), where 
£(A) is the line bundle over X associated to A £ A. This is called the characteristic 
map. By definition, cf induces surjections 



c F :2| 



7 d h(X) 



and 



h(X). 



2.6 



.p -n 7 aim u F . -Up -» 7 V 

We summarize the properties of cf we need: 

(1) The map cf is functorial with respect to ring homomorphisms [3J Proposi- 
tion 6.5]. 

(2) By definition, we have X^ C kercp. Let t be the torsion index of G. 
If \ 6 R, then cf ■ R[[A]]p — > h(X) is surjective with kerc^ = Xp [3, 
Theorem 6.9]. 

Recall that the torsion index t of a root system of type B n or type D n is a power 
of 2 (see [4] for definition and [9] for computations). 



3. The Exponents 

In this section we recall the definition of exponents and of some special elements 
c£R[[A]]f in 0. 

For any two formal group laws F and F 1 over R, there is a ring homomorphism, 
called the deformation map from F to F' 

$ F ^ F ' :R[[A]] f ^R[[A]]f'- 
It maps X F into X F , , hence, induces an isomorphism of i?-modules 



4> 



F^F' 



rid) 



r(d) 



with inverse <I> F ^ F : Xp) — > XpP . A key property is that for any Yii=i ^ -^f > 
we have 



eq:keyproperty (I) 



F->F' 



(n^)=n^e4 d ;, 



so $f 



>F' 



is W-equi variant. We then have 



<& F ^ F ' : (Xf ) w (4 d , } ) w , 



but in general <& F ^ F ' ((Xj)^) is not contained in {Xf,)^ d \ Let r F ^ F ' be the 
g.c.d. of the positive integers N d such that N d ■ (Z^) (c ° £ $ F ^ F ' ((Zjf whose 
existence is proved in [5] Theorem 5.4]. This integer t f ~^ f is called the d-th 
exponent from F to F' of the action of W . 
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3.1 Let {ejjjLj be the standard basis of M. n that defines the root system of G. 
The element e, belongs to A, hence can be written as a linear combination of uj^s. 
If G is of type B n with n > 3, then a = u>i — u>i-i for 2 < i < n — 1, 

ei = cji, and e„ = 2w„ — w n _i. 

If G is of type D n with n > 4, then ej = cj^ — for 2 < i < n — 2, 

ei=u;i, e„_i = w n - w n _i, and e n = w n + w n _i - w„_ 2 . 

For c£ = 1, n, define the VF-invariant element ®d G i?[[A]]^ (~iIf together with 
a positive integer ra as follows; 

(1) If G is of type B n with n > 3, define 9f = £? =1 a;f.a;i e .. Since the Weyl 
group W acts on {ei}™ =1 by permutations and by sign changes, we see that 
Of G i?[[A]]^f . Let rd — 2 if d is a power of 2 and = 1 otherwise. 

(2) If G is of type D„ with n > 4, define Of = 9f for d = 1, ...,n - 1 and 
0^ = n™=i( Xe i — x -ei)- Since acts by permutations of ej and by sign 
changes of even numbers of e^'s, we see that 0f G i?[[A]]^. Let r n = 
For d = 1, n — 1, let r<£ = 2 if d is a power of 2, and = 1 otherwise. 

3.2 Remark. By [6, 3.12], if F = F a , then 

i?[[AC = i?[[-e 1; ...,-e„]]. 

In this case, is the g.c.d. of the coefficients of <d c i G Z,[x Ul , ...,x Un ]. But this may 
fail if F ^ F a . In Section 4 we will provide a necessary and sufficient condition for 
this to hold. 



4. The invariants 



def : even 



lemma: inverse 



In this section we prove Lemma 14 . 31 and [4 . 61 concerning the invariants G^'s. They 
improve the results (Lemmas 8.3, 8.4, 8.5 and Theorem 8.6) of [8]. More precisely, 
we provide a necessary condition for them to hold. In this section we assume that 
the coefficient ring R = 7L. 

First, we prove a lemma of formal group laws. Let 

oo 

F(x,y) = x + y + a mm x m y m + J2 M^V + S V)- 

m=l 1=3 j+k=l,j=£k 

Let if{x) G Z[[A]]i? be the inverse of x G Z[[A]]j?, and let 0{s) be the sum of terms 
of degree > s. 

4.1 Definition. We say that F is even if 

F(x, y) = x + y mod 2. 

4.2 Lemma. // the formal group law F satisfies that 2\a mm for 1 < m < s, then 

i F (x) = x + a ss x 2s + 0{2s + 1) mod 2. 
In particular, if ' 2|a mm for all m, then %f{x) = x mod 2. 
Proof. In general, we have 

if{x) — —x + aux 2 + 0(3), 
so the lemma holds for s = 1. 
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lemma: key 1 



We proceed by induction on s. Assume it holds for s = k — 1, i.e., if 2|a mrra for 
m < k — 1, then 

» F (a;) = a + a fc _i jfc _ia; 2fe_2 + bo^ 2 ^ 1 + M 2 * + 0(2fc + 1) mod 2. 

Now assume s = k, i.e., assume in addition that 2|a/ s _x 1 fe-i. By the induction 
assumption, 

if (a;) = x + box 2 ^ 1 + &ia; 2fc + 0(2k + 1) mod 2. 

It suffices to show that bo = mod 2 and b\ = a kk mod 2. Modulo 2 and 0(2/c + 
1), we have 

= F(x,i F (x)) 

= x + (x + bax 2 ^ 1 + b x x 2k ) + a kk x k (x + b Q x 2k ~ x + b 1 x 2k ) k 

2k 

+ J2 ai i (x^x + box^ + hx^y +x j (x + b x 2k - 1 + b 1 x 2k ) i ). 

1=3 i < j, 
i + j = l 

Now, modulo 0(2k + 1), we have x k (x + box 2k ~ x + b\x 2k ) k — x 2k and for each 
i+j > 3, we have 

x\x + b x 2k - 1 + b lX 2k y = x i V ( j jixy^box^-y^hx^y 3 

= x t+j . 

Therefore, modulo 2 and 0(2k + 1), we have 

= F(x, i F (x)) = box 21 '" 1 + b x x 2k + a kk x 2k . 
Hence, bo = mod 2 and b\ = a kk mod 2. □ 

4.3 Lemma. (1) Let G be of type B n with n > 3 (resp. of type D n with 



n 



> 4) and let d < n (resp. d < n) be a power of 2, then ^ 6 I F if and 



only if F is even. 

(2) Let G be of type D n , then ^ 6 I F if and only if 2\a mm for all m > 1. 



Proof. The "if" part was proved in jS], so we prove the "only if" part. 

(1) Suppose G is of type B n . Let vq = 0, vi = e± + ... + = Wj for i = 1, n — 1 
and I'™ = 2w„. We show that if F is not even, then 2 { O^f. Since F is not even, 
then 2 j" a ss for some s or 2 j a^fc for some j ^ k. 

First, assume that s is the smallest integer such that 2 { a ss . For any Ai, X2 G A, 
let xai-a 2 = Sfcli fk(xxx,x\ 2 ), where f k (x,y) is a homogeneous polynomial of 
degree /c in Z[x,y]. For instance, fi(x,y) = x — y. Since the binomial formula 
satisfies (z\ + z 2 ) d = zf + z% mod 2, by Lemma 1431 modulo 2 in l F /l 2 F td+2d we 
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obtain 

n n 

i=l i=l 
n n 

= y: < « + aixif) = J2« d + < s ^ d+d ) 

i=l i=l 
n oo oo 

= E [E/*k.vi)) m +«LEa(^.v 1 ))^ 

n oo oo 

= E [DAK.^-i^+aiE/^.vi))^ 



Notice that (x homogeneous polynomial of degree 2fcd Therefore, 

the degree (2s + l)d term is given by 



i=l i=l 



Since 2ds + d is not a power of 2, by Lucas Theorem, one of the coefficients of 
the monomials of (x Ui — x Ui _ 1 ) 2ds+d is odd. Since 2 \ a ss , so we have 2 \ 6f in 
l F /X 2 F sd+d , which implies that 2 \ 6f in Jp. 

Suppose that 2|a ss for all s > 1 and Z is the smallest integer such that 2 f a_y ,j -j 
for some jo < and jo 7^ ^0 — Jo- Then we can write 

F(x,y) = x + y + Y^ E a jk (x 3 y k + x k y r ) mod 2. 

By Lemma EL"2l x_ ei = x 6l mod 2. So 9f = J]"^ 1 ^ef mod 2 in 2f< Modulo 2, 
we have 

n n 

®d = E ~ E a ^ t -* , <-i 

i=l i=l 
n n 

= ^ F^ , *f(^ i _ 1 )) 2d = ^ , ) 2d 



2d 

^ ] I X Vi -\- X Vi _ 1 + ^ ] y ^ a jk( x ti X L/i_i + x iy i x t i ^ 1 , 
i=l V l=l Q j^k,j+k=l 

E| T 2d J_ r 2d 4. "V "V n 2d( 2jd 2kd , 2kd 2jd \ 
I 1 Vi-i ~ / j / j u, jk\- h i/ i •"'Vi-i ' ^vi ^Vi-iJ 

i=l \ l=l jjtk,j+k=l 

The coefficient of xl{° d xl d _ il °~ io) = x 2 jfx 2 J} l °~ ia) is a 2d lQ ^ jo , which is not divisible 
by 2 by assumption. So 2 { Of . 

If the root system is of type Z?„ and d < n, the proof is similar. 
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def : number 



lemma: invariant 



(2) If 2 j a mm for some m, let s be the smallest such integer. Then x~ ei = 



a ss x^ mod 2, so x ei 



+ a ss x. 



mod 2. Let = x ei 



then 



i=l 

Th 



d ss x ei ) 



i=l 



■•V„ ,({«,},,, I + 0(n + 2s) mod T 



Here Sn-i is the elementary symmetric polynomial of degree n — 1. We compute 
Xg*S'„_i({£i J } J ^i). Modulo I^ +2s , it is reduced to the additive case, in which case 



2x e . Hence, 



„2s , 



S 1 S n -i{{Q.j}. ] ^ 1 ) = X e S 1 S n - 1 ({2x e] } J ^ 1 ) = T ■ X^Sn-idXe^j^) 



We see that the g.c.d. of the coefficients of x^S n -i({Qj}jjti) in , x u 

2"" 1 . Hence, 



»=i 



So e 



,<^„-i({^}i^)^0 mod 2". 
nr=i ft is not divisible by 2™ in l F /2 F +2s , so 



□ 



4.4 Remark. Let G be of type B n with n > 3 (resp. of type D n with n > 4) 
and let d < n (resp. d < n) be a power of 2. The proof of Lemma T4. 31 (1) shows 



that the expression Qd is congruent to some 2g modulo I F d+1 for some g € If, and 
that e (Xjf)( 2d ) if and only if F is even. 

4.5 If / 6 2 F \1 F +1 , we say that deg f = d. Then for d = 1, n, we have deg 6f = 

2d. For the type _D„, deg0^ = 2d for d = 1, — 1 and deg 6^ = n. Given a 

n-tuple a — (a±, a„) with a, G Z>o, let r a — Yi^i 7 "?^ — n™=i an< ^ 

M = Yh=i a * ' de g i- 

Let V2{m) be the 2-adic valuation of m. We define a collection of integers 

{Cd,r]d}d>i which depends on the Dynkin type of G. 

(1) If G is of type B n with n > 3, let Cd = 2 [d/2] for d > 1. Let 771 = 1, 

m = m = 2, m = 4, r/ d = 2 d +^([ d «/ 2 ] ! ) for d > 5 with d d = min{d, 2n}. 

(2) If G is of type D n (n > 4), let C d = 2^ for 1 < d < n and = 2^™]™ for 
d > n. If n = 4, let 771 = 1, r? 2 = % = 2, 7 ?d = 2 d +'^([ d i/ 2 ] ! ) for d > 4 with 

de/ 

di = min{d, 2n — 2}. If n > 5, let 774 = 4 and for other d, define 77^ the 
same way as for D4. 

4.6 Lemma. Let G be of type B n with n > 3 or of type D n with n > 4 and let 
d > 2. 

(1) W^e /ia?je 

(d • (Z[[A]]}T) (d) C <e(a)) w=d C (Z[[A]]lT) (d) . 
Moreover, (Z[[A]]^)W = (J-6(a))| a | =( j if and only if F is even. 



(2) We /icwe 



^•(iflMc^jAlftei; 



(d-dogSi) 



}C(Z]*) 
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Moreover, 



rem: invariant 



if and only if F is even 



(d-degOi) 



} 



(3) For all d > 2, we have t f ^ f \£d- Moreover, if F' is even, then T F ^ F = 1 
if and only if F is even. 

Proof. (1) The first statement and the "if" part of the second statement are proved 
in [5J Lemma 8.4]. For the "only if part of the second statement, note that 

(z[[A#) (d) = (-e,),^ 

' i 

implies that \®i £ If . By Lemma T4.31 F is even. 

(2) The proof is similar as that of (1). 

(3) The first statement and the "if" part of the second statement are proved in 
[H Theorem 8.6]. Now for the "only if" part of the second statement, since F' is 
even, so ^6* e If, for all 8,. So t f ^ f ' = 1 implies that j-Q, 6 $ F ^ F ' (if) for 
all degGi < d. Hence, ^82 G Ip , which implies that F is even. □ 



4.7 Remark. Indeed, in Lemma |4~61 if one replaces the condition that F is even 
by the condition that ^ £ R, then we have 

;6, 



(R[[A)]^ d) = (6(a)) w=d , = {]>>e 4 | 5j e X\ 



(d-de 
F 



'}, 



F-s-F' 



and 

fact in the next section. 



= 1 for d > 1 (cf. gj Lemma 8.4, 8.5, Theorem 8.6]). We will use this 



sec : Complnv 



eq:kerinv (3) 



5. The kernel of the characteristic map 

In the present section we provide an upper bound of the index of embedding 
in kcrc^, which will be used in Section 6 to prove the main result. In 



W\{d) 



this section, assume that R is a torsion free UFD. If | £ R, then by 12.61 (Zjjf 
kerc^. So it suffices to consider the case when \ ^ R. 

Let R = R[h] and let T F be the corresponding augmentation ideal. By [3J 
Proposition 6.5], there is a commutative diagram 



(2) 



ker c 



(d)c_ 



r(d) 



■ 7 ( d )h(X) 



{If 



~ w. 



ker c£? <— 



■ -L-F 



■7 



( d )h(Jf). 



Here cp^ and are the characteristic maps on the corresponding subquotients. 



~{d) 



For any y S ker c^? we have y £ ker 



, so by Remark [4 



- (d-dcgOi) 
F 



The following two lemmas generalize |5j §1B], [T] Lemma 6.4] and Proposition 
4.5] from F a to general F. Recall that the integer r]d was defined in 14.51 
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lemma : kerinvspec 



eq:deg3 (4) 



(1) Let G be of type B n with n > 3 or of type D n with n > 4 



2 or 3. Then2-kerc F i) C {I F 



W\(d) 



(d) 



If F is even, then ker c F 



5.1 Lemma. 

and let d 

(2) Let G be of type B n with n > 3 or of type D n with n > 5. Let d = 4. We 
have 4 • kerc£° C {if )^ . If F is even, then 2 • kerc^ C (2jf )(<*). 

( 2") 

Proof. (1) Suppose that G is of type B n . For any y G kerc]/, by Equation we 
have 

V = u ■ e 1 e {R[[A}}^) {2) 

(2) 

for some u £ R. That is, u • ©i = y in Z~ , so both sides are polynomials of degree 
2 in R[x Ul , x Un ]. Note that 



n-2 

2=1 



4x^ 



The g.c.d. of the coefficients of 9 X G (Zjf ) (2) is 2, so 2u G R. Therefore, 2y 
2u-Q 1 £(l F v y 2 K 



If F is even, then by Lemma[01 ^ G i?[[A]]]f , so y 



2u G (X£ 



W\(2) 



Now let d = 3. For any y G kerc^?', by Equation ([3]), we have 



^ (i) 



6x ■ A G X F (3) 
r(i) 



for some f\ €Tp . We show that 2 A Glp ■ Suppose that A = zC"=i with 
a, G -R. Write 



y 



with a 



^ ] a iii x uii + ~^^( a H3 X uii X Uj + a ijj x ^i X ujj) 
i<j 



i<j<k 



Q*ijk X bJi X LJj X LJi~ ^ -I , 



(3) 



ZZZ , ^ZJJ J "'iSj 3 U-ZJ 



aijfe G i?. For any i < n, comparing the coefficients of 



G R. Comparing the coefficients of i^a;^, we 



rW\(3) 



Equation (H]) , we see that 2a, = 

have 2a n = a lln G R. Hence, 2 A G l]^ and 2y = 2A©1 G (2$ 

If F is even, then by LemmaOJ ^ G i?[[A]]^, so y = ^ • 2/i e (2^) 
If G is of type D„ with n > 4, the proof is similar, since the generators involved 

in this case is 0i. 

(2) Let G be of type B n . For y G kerc F , by Equation ([3]), 

v = / e 2 + / 2 6i 

for some A £ If'' • We claim that the smallest integer 6 such that 2 b A G I'p) 
satisfies b < 2. If not, then b > 3. It implies that 

2 b / 9 2 + 2 b A©! = 2 b 2/ = mod 8 

with 2 fc A G 2$ ) . Since ^ G I { F ] and f el f . 



< - 4 - ) so in 2p , we have 



e 2 



2 fc / ^ + 2 fc / 2 ^ =0 mod 4. 

By Example 12.31 If = I a ^ ■ By the proof of [1] Lemma 6.4], this implies that 
g.c.d. {2 h f^, 2 b / 2 } = 2, therefore, 2 b ~ 1 A G 2^ . This is a contradiction, hence, 
b < 2 and 4y = 4/ 6 2 + 4/20! G (2f )W. 

If F is even, then |,f therefore, 2y = 4/ • % + 4/ 2 ^ G (2jf )< 4 ). 



r(4) 
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If G is of type D n with n > 5, the proof is similar, since the only generators of 
(R[[A]]f)^ are 6i and 9 2 . 

□ 



lemma : kerinvgen 



5.2 Lemma. Let G be of type B n with n > 3 or of type D n with n > 4, then 
% .ker C «C(l7)(«0. 

Proof. Let G be of type B n . The case of type D n is similar. If d < 4, it is proved 
in Lemma \5. II So let d > 5. For any y e kercf, by Equation ([3]), 

min{n,[d/2]} 

~ (d-2i) 



V 



;.=1 



Suppose is the smallest integer such that y can be expressed as such an equation 
with 2 b /d-2 i G I^^ 2l) . We claim that 2 b |?7 d . If not, then 2ry d |2 b . Then in if, we 
have 

min{n,[d/2]} 

EO b f « c tW O fc f T (d-2i) 
^ Jd-2i^>i € -L F , I Jd-2i G X F 



2 b y 



By Example 



r(d) 



l , _ la' 2 ''. By the proof of [2, Proposition 4.5], we know that 

~ (d-2i) 

there exists gd-2i G If such that 

min{n,[d/2]} 

V = X] 9d-2&i G 
i=l 

with 2 b ~ 1 gd-2i G 2Tp 2 *'- This contradicts the minimality assumption of b. There- 
fore, 2 b \n d and Vd y = J2vdfd-2i&i G (ijf 

□ 



lemma: main 



6. Comparison of 7-filtrations 

In this section we apply the computation in Section 4 and 5 to compare 7- 
filtrations of different oriented cohomology theories, and prove the main result of 
this paper. The coefficient ring in this section is Z. 

6.1 Lemma. Let G be of type B n with n > 3 or of type D n with n > 4. Let h 
and h' be two oriented cohomology theories satisfying the assumption in [21 13.2]. 
Let F and F' be the corresponding formal group laws, respectively. Then: 



(1) The map Qn d ■ $^ F ' : if -> T 

(2) If F and F 1 are even, then r/d • $ 



(d) 



induces a map ^h(X) -> ^h'(X). 
F induces such a map. 



Proof. (1) Suppose G is of type B n 
We have the following diagram 



The case of type D n can be proved similarly. 



W\(d)c_ 



(d)C_ 



ker cf*- 



ker c£? c - 



r(d) 



rid) 



12 CHANGLONG ZHONG 

If suffices to show that Qd'Hd ■ ^d^ F maps ker c^? into ker c^? . For any y G ker , 
by Lemma[5T2j fjd • V £ ■ By Lemma T4.61 

min{[d/2],n} 

CdVd -y= E giQi 

i=l 

for some (ft G Ip~ 2l \ By Equation (fT]), we have 

min{[<2/2],n} 
i=l 

Therefore, CdVd • $ F ^ F ' induces a map 7 ( d )h(X) ->• 7^)h'(X). 

(2) If F and F' are even, then by Lemma T-LGl both F and F' satisfy that 

!min{[d/2],n} 

and r F ^ F ' = 1. So $ F ^ F '((ljf )(<*)) = For any y G ker 4?, by Lemma 

El wye(l}f)( d ). Hence, 

^'(%-y)e(x^)Wcker4 rf , } . 

Therefore, r\ d • $ F ^ F ' induces a map j^h(X) ->■ 7( d V(X). 

□ 

We are now ready to prove the main result of this paper. 

Proof of Theorem \l.l\ (1) Let G be of type B n and let d = 2 or 3. Since F and F a 
are even, so by Lemma |5.1[ 



(lf)^=kexcf and = kerc^. 



By Lemma SH we know that the exponent t^ f " = 1, hence <J> F ^ Fq ((Xjf )W) = 

? F ^ Fa restricted to ker c£? 



Therefore, the isomorphism 3> F_>Fa restricted to kerc}/ induces isomor- 



phism 

hence, it induces isomorphism 



kercj? =kerci d) , 



7 ( d >h(A') ~ 7 < d » CH(X). 

Since 7W CH(X) C GU d (X) is torsion free, so is ^h{X). 
The proof of type D n is similar. 
(2) By Lemma l6.1i there is a commutative diagram 



(<i) 

diagram: char | (5) 1^ ^ » j^h(X) 

F—>F a 



l a d > — i» 7 ( d ) CH(X). 



Given any torsion element u G 7^hp0, since 7W CH(X) C CH d (X) is torsion 
free, so u is mapped to in 7^ CH(X). Lift it to an element u G and look 
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at its image (dVd$d ( v )- Then Qr]d^ F ^ F (v) £ ker ci , hence by Lemma IO| 
mQdVd^ Fa {v) S (X a w ) (d) , and by Lemma HH 

Applying {<f> F ^ Fa )~ 1 , we see that QVd v e @f) W Q kerc^ . Hence, C^d " u = 

4 d) (c3^-«) = o. 

If F is even, then t F ^ F " = 1 and the left vertical map in ([5]) can be replaced by 
rjd$> F ~* Fa ■ By repeating the argument above, we get the conclusion. □ 
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